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3.3.1 Poincaré´ section and Poincar´
´e map
3.3.2 Floquet theory
3.4 Bifurcations of Periodic Orbits
3.4.1 The cyclic-fold bifurcation
3.4.2 The period-doubling bifurcation
3.4.3 The Naimark-Sacker bifurcation
3.5 Global bifurcations
3.5.1 Homoclinic orbits
3.5.2 The Lorenz (1963) dynamical system
3.6 Resonance phenomena: frequency locking
3.7 Physics of Bifurcation Behavior
3.7.1 Physical constraints
3.7.2 Qualitative versus quantitative sensitivity
3.7.3 Instability mechanisms
3.7.3.1 Saddle-node bifurcation
3.7.3.2 Transcricital and pitchfork bifurcation
3.7.3.3 Hopf bifurcation
3.8 Exercises on Chapter 3

63
64
64
67
69
71
74
75
76
80
80
83
85
88
88
89
90
90
93
96
96
96
98
100
100
101
102
106
106
107
109
109
110
112
113

4. NUMERICAL TECHNIQUES
4.1 An Example Problem
4.1.1 Introduction
4.1.2 Model

119
122
122
124

Contents

4.1.3 Motionless solution
4.1.4 Dimensionless equations
4.2 Computation of Steady Solutions
4.2.1 Discretization
4.2.2 Pseudo-arclength continuation
4.2.3 The Euler-Newton method
4.3 Detection and Switching
4.3.1 Detection of bifurcations
4.3.2 Branch switching
4.3.3 Finding isolated branches
4.4 Linear Stability Problem
4.4.1 The simultaneous iteration method
4.4.2 The Jacobi-Davidson QZ-method
4.5 Implicit Time Integration
4.6 Linear System Solvers: Direct Methods
4.6.1 Basic principle
4.6.2 Pivoting
4.7 Linear System Solvers: Iterative Methods
4.7.1 Relaxation methods
4.7.2 Projection techniques
4.7.2.1 The GMRES technique
4.7.2.2 The BICGSTAB technique
4.8 Application to the Example Problem
4.9 Exercises on Chapter 4
5. THE WIND-DRIVEN CIRCULATION
5.1 Phenomena
5.1.1 Gulf Stream
5.1.2 Kuroshio
5.1.3 Central questions
5.2 Models of the Midlatitude Ocean Circulation
5.2.1 The homogeneous model
5.2.2 Dominant balances
5.2.3 The multi-layer model
5.3 Shallow-water and Quasi-geostrophic Models
5.3.1 The spherical shallow-water model
5.3.2 The β -plane model
5.3.3 Quasi-geostrophic β -plane models
5.3.4 Overview of the SW and the QG models
5.4 Classical Results
5.4.1 The Sverdrup-Munk-Stommel theory
5.4.2 Temporal variability
5.4.2.1 Rossby waves
5.4.2.2 Rossby basin modes
5.4.2.3 Basic instability mechanisms
5.5 Regimes of Double-Gyre QG Flows
5.5.1 Equivalent barotropic ﬂows

ix
125
126
126
127
130
132
134
134
136
138
139
141
144
147
148
148
150
151
151
152
154
155
158
163
169
170
170
174
175
176
176
178
180
181
182
183
185
188
190
190
194
194
196
197
202
203

x

NONLINEAR PHYSICAL OCEANOGRAPHY

5.5.1.1 Basic bifurcation diagrams
5.5.1.2 Transient ﬂows
5.5.2 Baroclinic ﬂows
5.5.2.1 Basic bifurcation diagrams
5.5.2.2 Transient ﬂows
5.6 Regimes of Double-Gyre SW Flows
5.6.1 The equivalent barotropic case
5.6.2 Connection: SW- and QG-models
5.6.3 The baroclinic case
5.7 Continental Geometry
5.7.1 Continents within a β -plane SW model
5.7.2 Continents on the sphere
5.7.2.1 North Atlantic basin
5.7.2.2 North Paciﬁc domain
5.7.3 Summary
5.8 High-Resolution Ocean Models
5.8.1 Typical results
5.8.2 Analysis of POCM results
5.8.2.1 Gulf Stream
5.8.2.2 Kuroshio
5.9 Synthesis
5.9.1 Summary
5.9.2 Interpretation framework
5.9.2.1 Multiple mean paths?
5.9.2.2 Modes of variability?
5.10 Exercises on Chapter 5
6. THE THERMOHALINE CIRCULATION
6.1 North Atlantic Climate Variability
6.1.1 Observations
6.1.2 Central questions and approach
6.2 Potential Mechanisms
6.2.1 What drives the THC?
6.2.2 Advective feedback
6.2.3 Convective feedback
6.2.4 The ﬂip-ﬂop oscillation
6.2.5 The loop oscillation
6.2.6 Models of the THC
6.3 Two-dimensional Boussinesq Models
6.3.1 Formulation
6.3.2 Nondimensional equations
6.4 Diﬀusive Thermohaline Flows
6.4.1 Basic bifurcation diagram
6.4.2 Physical mechanisms
6.4.2.1 Symmetry breaking
6.4.2.2 Transition to time-dependence
6.4.3 Model-model comparison

203
212
216
216
219
225
226
229
232
235
235
237
238
240
242
245
246
249
250
250
253
253
255
255
256
259
267
268
268
272
273
273
274
275
278
280
281
282
282
284
285
285
288
288
290
293

Contents

6.5

Convective Thermohaline Flows
6.5.1 Basic bifurcation diagrams
6.5.2 Imperfections
6.5.2.1 Coupled model
6.5.2.2 Asymmetric air-sea interaction
6.5.2.3 Regime diagram
6.6 Zonally Averaged Models
6.6.1 Scaling of the equations
6.6.2 Zonal averaging
6.6.2.1 Procedure
6.6.2.2 Convective adjustment
6.6.3 Bifurcation diagrams
6.7 Three-Dimensional Models
6.7.1 The SH conﬁguration: thermal ﬂows
6.7.1.1 The multidecadal mode
6.7.1.2 Finite-amplitude ﬂows
6.7.2 The SH conﬁguration: thermohaline ﬂows
6.7.2.1 Multiple equilibria and new internal modes
6.7.2.2 Finite-amplitude ﬂows
6.7.3 The DH conﬁguration: thermohaline ﬂows
6.7.3.1 Bifurcation diagrams
6.7.3.2 Finite-amplitude ﬂows
6.7.4 Multi-basin and global models
6.7.4.1 Bifurcation diagrams
6.7.4.2 Finite-amplitude ﬂows
6.8 Coupled ocean-atmosphere models
6.9 Synthesis
6.9.1 Diﬀerent mean thermohaline ﬂows?
6.9.2 Temporal variability through internal modes?
6.10 Exercises on Chapter 6
7. THE DYNAMICS AND PHYSICS OF ENSO
7.1 Basic Phenomena
7.1.1 The annual-mean state
7.1.2 The seasonal cycle
7.1.3 Interannual variability
7.1.4 Low-frequency variability of ENSO
7.1.5 Central questions and Approach
7.2 Models of the Equatorial Ocean
7.2.1 Constant density ocean model
7.2.2 The reduced gravity model
7.2.3 Equatorial waves
7.2.4 Forced response in a basin
7.3 Physics of Coupling
7.3.1 Atmospheric response to diabatic heating
7.3.2 Adjustment of the ocean
7.3.3 Processes determining the SST

xi
298
300
302
304
305
309
310
310
312
313
316
317
320
320
321
327
329
330
332
337
337
341
342
342
344
350
355
358
359
363
369
370
371
373
373
378
378
379
379
380
381
387
392
392
397
400

xii

NONLINEAR PHYSICAL OCEANOGRAPHY

7.3.4 Feedbacks
7.3.4.1 Thermocline feedback
7.3.4.2 Upwelling feedback
7.3.4.3 Zonal advection feedback
7.3.4.4 Strength of the feedbacks
7.4 The Zebiak-Cane Model
7.4.1 Formulation
7.4.2 Results
7.5 Towards the Delayed Oscillator
7.5.1 Coupled modes: periodic ocean basin
7.5.2 Coupled modes: bounded basin
7.5.2.1 The near equatorial behavior
7.5.2.2 The fast wave limit
7.5.2.3 The weak-coupling limit
7.5.3 Modes in the full problem
7.5.4 Conceptual models of the ENSO oscillation
7.5.4.1 The two-strip model
7.5.4.2 The delayed oscillator
7.5.4.3 The coupled wave oscillator
7.5.4.4 The recharge oscillator
7.6 Coupled Processes and the Annual-Mean State
7.6.1 Constructed versus coupled mean states
7.6.2 Demise of multiple equilibria
7.6.3 The position of the cold tongue
7.7 Unifying Mean State and Variability
7.7.1 The warm pool/cold tongue state
7.7.2 The ENSO mode
7.7.3 Model reduction
7.8 Presence of the Seasonal Cycle
7.8.1 Coupled processes and the seasonal cycle
7.8.2 Interaction of seasonal cycle and ENSO
7.8.3 The irregularity of ENSO
7.9 ENSO in General Circulation Models
7.10 Synthesis
7.10.1 A summary of ICM results
7.10.2 Multi-scale physics
7.10.3 The future of ENSO
7.11 Exercises on Chapter 7
Bibliography
Copyright Acknowledgements
Index
Color Plates

403
403
404
404
404
405
406
408
411
411
415
416
421
424
426
430
431
434
436
437
438
439
440
443
448
448
449
454
455
455
457
461
463
468
469
471
476
478
483
511
513
517

Preface

In the ﬁrst edition of this book (published by Kluwer Academic in November
2000) the methodology of dynamical systems theory was introduced and applications of this theory to the large-scale ocean circulation and El Ni ño were provided. Surprised by the favorable reactions, I decided to make a second edition of
the book which could be more easily used as a textbook for a graduate (700-level)
course. The ﬁrst edition has undergone a substantial rewrite on three aspects:
(i) the text has been adapted at many locations to improve clarity and readability,
(ii) many recent results on the wind-driven ocean circulation, the thermohaline
˜ have been included, and
circulation and El Niño
(iii) a number of exercises have been added at the end of each chapter.
In chapter 1, the description of what is known from observations on the global
ocean circulation has been improved by including, for example, recent estimates
of transport quantities. Both the chapters 2 and 3 have only slightly changed;
in chapter 3, the text on homoclinic orbits has been extended as these type of
phenomena have now clearly been found in the wind-driven double-gyre ocean
circulation (as presented in chapter 5). In chapter 4, I have added a paragraph on
the computation of isolated branches of steady states and the text on the iterative
linear systems solvers has been shortened.
Concerning the application of dynamical systems theory to the large-scale ocean
˜ in the chapters 5 to 7, many recent results on the dynamcirculation and El Niño
ics of these ﬂows are added. I have been tempted to include results on stochastic
dynamics, on the use of dynamical systems theory in data analysis (e.g., attractor
reconstruction techniques), and on ergodic theory. It would have been difﬁcult,
however, to keep the book self-contained. Therefore, I decided to restrict the text
to results on bifurcation diagrams for deterministic models. Most of the changes
have occurred in chapter 6, where I have omitted the material on ﬂux-corrected
models and shortened the section on the zonally averaged models. Instead, I have
added recent work on the multiple equilibria of the thermohaline circulation in a
hierarchy of three-dimensional models and on the multidecadal variability in the

xiii

xiv
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˜ in section 7.1 has been revised and reNorth Atlantic. The introduction to El Niño
sults on the simulation of ENSO in coupled general circulation models have been
added in section 7.9.
Each chapter now contains ﬁve exercises and two more computational oriented projects. In many of the exercises, additional material is introduced which
could not be covered in the main text. For each exercise, references are provided to help with obtaining the answers to the problems. For the computational projects in each chapter, links and references to software needed to perform
the computations is provided. In many of these exercises, the software package
AUTO (which is freely available via FTP from the directory pub/doedel/auto at
ftp.cs.concordia.ca) is used; AUTO runs on many UNIX platforms and PC’s. If
you have MATLAB available, I would recommend using the software package
MATCONT (download from http://allserv.rug.ac.be/∼ajdhooge/research.html)
For alternative software, you may have a look at Gabriel Lord’s website at
http://www.ma.hw.ac.uk/∼gabriel/auto/index.html.
Going over the ﬁnal manuscript one more time, I think that the second edition of the book is in good shape to be used within a graduate course in physical oceanography, for example on ‘nonlinear dynamics of the ocean circulation’,
combining chapters 1, 2, 3, 5 and 6. Another possibility is to use the book for a
‘special topics’ (capita selecta) course in climate dynamics. Combining chapters
˜ or on ‘nonlinear tropical
1, 3 and 7 could provide material for a course on El Ni ño
climate dynamics’. The computational aspects in chapter 4 are mainly of interest for those who intend to apply the techniques themselves to large-dimensional
dynamical systems and the numerical methodology can be added to a graduate
course, if desired.
The application of dynamical systems theory certainly has its limitations, but
it provides an elegant framework for the interpretation of results from ocean and
climate models. It is a pity that its powerful concepts and methods are still mostly
ignored by researchers in physical oceanography and climate dynamics. I therefore sincerely hope that this second edition of the book will be used in future
classes and that the material will ﬁnd its way to the generation of future scientists
in these ﬁelds.
JANUARY 2005, FORT COLLINS, USA
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Chapter 1
INTRODUCTION

Patterns and their rhythms ﬁll the spheres.
Evocation. Preludios Americanos I, A. Carlevaro
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At the beginning of this century, the concept of ‘climate’ belonged to meteorologists and was considered to be a long term average state of temperature and
precipitation. Later, other quantities were added to describing the average state of
the atmosphere more accurately. At the moment, the atmosphere is considered to
be only one of the components of a larger entity. The atmosphere (the world of
air) together with the hydrosphere (the world of water), the cryosphere (the world
of ice), the biosphere (the world of living beings) and the lithosphere (the world
of the solid Earth) can be logically studied as one system: the climate system.
Earth’s climate system displays variability on a multitude of time scales. Over
long periods in Earth’s history, large parts have been covered with ice, with warmer
periods in between. On the very short time scale, the ﬂuctuations of the weather
on a day to day basis are experienced. In this ﬁrst chapter, some motivating examples of climate variability are described. In particular, examples are chosen for
which it is very plausible that changes in the ocean circulation are or have been
involved.
In section 1.1, a short description of the history of Earth’s climate sets the context for the discussion of the Younger Dryas event and the Little Ice Age period.
Both phenomena illustrate that climate can undergo relatively rapid transitions
which are not expected a priori from changes in the forcing conditions. In section 1.2, the present large-scale ocean circulation is introduced by sketching its
forcing, the mean circulation patterns and the associated transport of heat and
freshwater. Section 1.3 contains a brief description of two climate phenomena
˜ /Southern Oscillation in the Tropical Paciﬁc and
of current interest, the El Niño
the Atlantic Multidecadal Oscillation. In both phenomena, there are signiﬁcant
changes in the sea-surface temperature and the ocean circulation. The central
questions addressed in this book, and a motivation for the approach chosen towards possible answers, follows in section 1.4.

1.1. Past Climate Variability
Until fairly recently, the climates of the past had been described only qualitatively. At the moment, many techniques are available to construct climatic records
from geological, biological and physical data (Bradley, 1999). Much information
has been obtained through measurement of isotope content (such as oxygen and
carbon isotopes) in material derived from ocean sediments and from ice cores.
Accurate dating techniques are essential to interpret these measurements. For example, the carbonate in shells of marine organisms (e.g., foraminifera) and water
in ice caps contain two isotopes of oxygen, 18 O and 16 O. The normalized isotope
ratio δ 18 O is calculated as a deviation from a reference sample as
18

18

18

δ O=

)
− ( 16 O
)
( 16 O
O sample
O ref erence
18

( 16 O
)
O ref erence

where the reference sample is different for ice cores (i.e., standard mean ocean
water) than for carbonate shells (i.e., a speciﬁc fossil Cretaceous species). The
isotope 16 O is lighter than 18 O so that water containing 16 O is preferentially evap-
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orated and a temperature-dependent fractionation occurs. Under cold conditions,
less water containing 18 O is able to evaporate into the atmosphere.
Changes in δ 18 O reﬂect the combined effect of changes in global ice volume
and temperature at the time of deposition of the material. The two effects cannot
be separated easily, and only recently an additional temperature indicator (Ca/Mathermometry) has been used to accomplish this (Lear et al., 2000). During very
cold conditions, global ice volume is relatively large and sea level is low, which
enriches water in the ocean with 18 O. Because of the colder temperatures, also
more 18 O remains in the ocean and less 18 O becomes locked in the ice. Hence,
in ocean sediments the ratio δ 18 O will increase under cold conditions, whereas in
ice cores it will decrease.
When corrections for global ice volume (with respect to the reference sample)
are made, δ 18 O can be used as an indicator for the temperature at the time of deposition. In the next subsections, δ 18 O records from the last 2.5 million years (My)
will be shortly discussed. All these data (and many more) are available through
NOAA’s Paleoclimatology site (http://www.ngdc.noaa.gov/paleo/paleo.html). In
addition to the information provided at this site, the books by Broecker (1995),
Bradley (1999) and Ruddiman (2001) – where most of the references to the original studies can be found – are recommended sources of information.

1.1.1. The last 2.5 million years
Based on the oxygen isotope record of benthic foraminifera in ocean sediments
and the reconstructed deep ocean temperature it is found that about 55 My ago
(after the warm Cretaceous period), a gradual cooling started on Earth. Three
major steps have occurred within this gradual cooling, one near 36 My, one near
14 My and the last near 3 My ago, each involving a temperature decrease of about
2-3◦ C, which induced an increase in δ 18 O from near zero (note that the reference
value was in the Cretaceous) to the current value of about 4.0. The δ 18 O record
from the last 2.5 My, as obtained from deep sea sediments (ODP site 677 in the
equatorial Paciﬁc at 1◦ N, 84◦ W), is plotted in Fig. 1.1; data are based on Raymo
et al. (1990).
One observes the variations in climate superposed on a gradual cooling trend,
with a change in pace about 0.7 My ago. From then on, a dominant period of
about 100,000 year is found reﬂecting the frequency of major glaciations which
occurred in the northern hemisphere. Termination of these glaciations seems to be
rather abrupt and leads to warmer periods, called interglacials; at the moment, we
live in the Holocene interglacial. The previous interglacial (the Eemian) can be
seen as a peak of relatively small δ 18 O at about 140,000 years ago. The transitions
between glacials and interglacials are global in extent, since their signatures are
found in available data all over the globe.
The oxygen isotope record of the last 110,000 years within the GRIP ice core
from Greenland (Johnsen et al., 1997) is plotted in Fig. 1.2. Note that, contrary to
the values of ocean sediments, values of δ 18 O are now negative and cool periods
have smaller (larger negative) values than warm periods. No further smoothing
was done on the 0.55 m averaged values (the total core depth is about 3 km); the
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warm
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δ 1 8O
Figure 1.1. Isotope ratio δ 18 O for benthic foraminifera at Ocean Drilling Program site 677
located in the eastern equatorial Paciﬁc at 1◦ N, 84◦ W (Raymo et al., 1990). A change in δ 18 O of
0.23 units can be translated into a temperature change of about 1◦ C (Broecker, 1995).

time scale zero point is at 1950 AD. From the Eemian, the transition to the last
glacial period has been in several stages, with again warmer periods alternating
with cold intervals. These are the Heinrich (1988) events, with a near-periodicity
of 6–7 kyr, and the Dansgaard-Oeschger cycles (Dansgaard et al., 1989) with an
average period around 1–2.5 kyr. Rapid changes in temperature, of up to one half
of the amplitude of a typical glacial-interglacial temperature difference, occurred
during Heinrich events and somewhat smaller ones over a Dansgaard-Oeschger
cycle. Progressive cooling through several of these cycles followed by an abrupt
warming deﬁnes a Bond cycle (Bond et al., 1995). In North Atlantic sediment
cores, the coldest part of each Bond cycle is marked by a so-called Heinrich layer
that is rich in ice-rafted debris.
The Last Glacial Maximum (LGM) occurred at about 20,000 years ago, and
the temperature difference between LGM and Eemian is about 10 ◦ C. When the
transition of the Last Glacial Maximum to the Holocene is considered in more
detail, a rapid transition is observed near 12 kyr, where temperatures drop again
about 5◦ C. This transition, called the Younger Dryas, is also considered to be one
of the Dansgaard-Oeschger events but it has been studied in much more detail.
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Figure 1.2. Oxygen isotope record of the last interglacial and the most recent glacial episode. A
change in δ 18 O of one unit corresponds to a temperature change of about 2◦ C. Data are based on
Johnsen et al. (1997)

1.1.2. The Younger Dryas
A magniﬁcation of the δ 18 O record from the GRIP ice core is plotted in
Fig. 1.3. The warming of the Earth from 20,000 years onward has been in several relatively distinctive stages. First, relatively fast transitions to the Bølling and
Allerød interstadials occur, during which the temperature is relatively high. This
is followed by a period of signiﬁcant cooling between 12,500 and 11,500 years
ago. The resulting stadial, during which the apparent warming trend was delayed
for approximately 1,000 years, is referred to as the Younger Dryas. The period
ends with a rapid shift to warmer temperatures into the beginning of the Holocene,
with indications of a temperature rise of 1 ◦ C per decade (Broecker, 1995)!
Signatures of the Younger Dryas period are found at many locations on Earth
using different indicators (Roberts, 1998; Bradley, 1999). In Scandinavia, reduced sedimentation and foraminiferal production is found in the north Norwegian Sea. Indications of changing vegetation have been found in southern Alaska,
with expansion of tundra as a reaction to colder conditions. In the temperature
record for northern Britain, which is reconstructed through Coleopteran (beetles)
data (Lowe et al., 1995), a very rapid change is observed at the beginning of the
Younger Dryas (Fig. 1.4A). July temperatures dropped a few degrees during this
period and at the end of the period a fast increase in temperature occurs. Sea-level
reconstructions from drowned coral reefs at Bermuda (Fairbancks, 1990), shown
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Figure 1.3. Oxygen isotope record from the GRIP ice core (shown in Fig. 1.2) over a smaller
window of time, showing the Bølling and Allerød interstadials and the Younger Dryas stadial.

in Fig. 1.4D, indicate that during the Younger Dryas, the trend of increasing sea
levels set by the deglacation from the Last Glacial Maximum has been retarded.
The ice accumulation rate at Greenland (Fig. 1.4B) is small during the Younger
Dryas and its dust content (Fig. 1.4C) is relatively high, which indicates that precipitation has been reduced at (northern) high latitudes.
In the Southern Hemisphere, signatures of the Younger Dryas period are
present as well, although not as clear as in the Northern Hemisphere. Evidence
for a colder period has been found from pollen data of the southern part of South
America and there are some indications that glaciers advanced during this period
in New Zealand. On the other hand, analysis of a South Chinese Sea core shows
a warming at 13,000 years ago, which continues uninterrupted into the Holocene.
It therefore appears that the Younger Dryas is mainly a northern hemispheric, and
in particular a North Atlantic, phenomenon and effects have propagated over the
globe. A more detailed description of the climate changes during the Younger
Dryas period can be found in Chapter 14 of Ruddiman (2001).

1.1.3. The Little Ice Age
The end of the Younger Dryas marks the beginning of the Holocene during
which climate has been relatively stable (McManus et al., 1994) with globally
averaged temperature variations limited by an amplitude of about 2 ◦ C. Fossil
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Figure 1.4. Changes in proxy indicators during the Younger Dryas Period (Roberts, 1998). A.
Mean July temperatures in northern Britain based on insect (Coleopteran) data. B. Ice accumulation rate in the GISP2 ice core. C. Atmospheric dust in the GISP2 summit ice core. D. Rate of
sea-level rise.

records and lake level data indicate that during the climatic optimum, about 5,500
years ago, the temperature was about 1.5 ◦ C warmer than present and since then
global temperatures have declined. Within the last two millennia, variability on
century time scales is observed with an amplitude of about 1.0 ◦ C. For example,
tree-ring data indicate that the Middle Ages were relatively warm and were followed by a colder period which is referred to as the Little Ice Age (Matthes, 1940;
Grove, 1988). Although the conventional period of the Little Ice Age is between
1500 and 1850, a series of post-Medieval cool events started already in the fourteenth century. These events varied from region to region and it does not appear to
have been uniformly colder in all regions over the whole period (Bradley, 1999).
This can also be seen in a reconstruction of northern hemispheric temperature
anomalies (with respect to the 1881-1960 mean) from tree-ring data, as plotted in
Fig. 1.5.
These climate ﬂuctuations had a signiﬁcant impact on the lives of people in
Europe. The years 1314 and 1319 saw harvests fail over large parts of Europe,

